This paper presents two simple models for nonlinear age-dependent population dynamics. In these models the basic equations of the theory reduce to systems of ordinary differential equations. We discuss certain qualitative aspects of these systems; in particular, we show that for many cases of interest periodic solutions are not possible.
BASIC EQUATIONS
Recently, Gurtin and MacCamy [l] introduced a nonlinear' theory of population dynamics with age dependence. This theory is based on the equations' p,(a,t)+p,(a,t)+CL(a,P(t))p(a,t)=O, B(t)=p(O,r)=lmp(a,P(r))p(a,r)da, (1.1) 0 where p(a,t) is the age distribution, that is, the number of individuals of age a at time t (a > 0, t > 0);
is the total population;
B(t)
is the birth rate;
~(a, P)
is the survival function;
P(a, P)
is the materniv function.
'The linear theory is discussed in detail by Hoppensteadt [2] . 2Subscripts indicate partial differentiation.
The functions &a,P) and j?(a,P) (a > 0, P > 0) are assumed prescribed, as is the initial age distribution cp. The corresponding initial-value problem then consists in finding a solution p(a, t) of (1.1) which satisfies the initial condition P(G 0) = cp(a).
(l-2)
The system (1.1) (1.2) can be converted to a pair of nonlinear integral equations, which can be used, under reasonable hypotheses, to establish existence and uniqueness [l] . Here we will show that when ~1 and j3 have certain simple forms, (1.1) and (1.2) reduce to an initial-value problem for a nonlinear system of ordinary differential equations.
Before discussing these systems, however, we note that the partial differential equation (1. l), [with the conditions ~(0, t) = B(t), p(u, 0) = q(u)] can be integrated along characteristics to give3
Thus a knowledge of the quantities P and B will completely determine the age distribution of the population for all time.
MODEL WITH TWO DIFFERENTIAL EQUATIONS
Before discussing this model we prove the following
LEMMA
Assume that the survival function y is independent of age. Let p be a solution of (l.l), and let g be a (sufficiently nice) function of age with4 g(u)p(u, t)+O us u+oo. 
(2.3)
Proo$ We multiply (1. I)] by g and integrate from a =0 to a = co; the result is
and if we integrate the second term by parts and use (2.1), then (2.3) follows.
We are now ready to state the basic assumptions of our model; they are
Assumption (2.4), asserts that the expected number of births is a monotone decreasing function of age (and hence is m~imum at age a =O). Such an assumption is, of course, ludicrous if taken literally, but probably Ieads to a decent approximation if the population reproduces at a fairly young age. As we shall see, the importance of this model is that it leads to a pair of ordinary differential equations and hence is amenable to analysis. In Sec. 3 we will discuss a model with a more realistic birth law.
We now turn to a derivation of the differential equations. By (2.3) with g=l 1 i;+p(P)P-B=O.
On the other hand, (2.3) with g(u) = e-ao yields
where
Thus (1.1) reduces to the following pair of differentia1 equations: 5
P= -p(P)P+&(P)G, 6=[-j.qP)+P,(P)-a]G.
P-7)
The relevant initial conditions follow from (1. l),, 3, (1.2), and (2.2); they are
Note that (for p,rO, (Y >O),
it is not difficult to show that given any choice of G(0) and P(0) consistent with (2.9), we can find a continuous function 'p > 0 in L,(O, cc) such that (2.8) holds.
As mentioned previously, one would generally expect a stronger dependence on P in the survival function p than in the maternity function j3. For this reason we consider the further simplification
When this is the case we can rewrite (2.7) in terms of P and B; the result is
where We assume that p is class C' and strictly positive. Also, as is natural, we confine our attention to R: =[O, 00) X [0, cc), which is an invariant set for (2.11).
PROPOSITION
The system (2.11) has the following properties:
Thus (a) is true. To verify (j3) note that the equilibrium points of (2.11) lie at the origin and at points (B,P) with p(P) = y and B = p(P)P. Thus all equilibrium points lie on e. Finally, (2.ll)r reduces to (2.12) when B = yP. This completes the proof.
Assume that (2.11) has a closed orbit 9. Then Q must encircle at least one equilibrium point, and hence, by the Proposition, must intersect C. But this is not possible. Thus we have the following
THEOREM
The system (2.11) has no closed orbits. This can also be verified from the phase portrait, which is easily constructed when the assumption (2.15) is satisfied. The result, for r > 0, is shown in Fig. 1 .
It is interesting to note that, because of (2.15), the differential equation (2.12) reduces to the classical Verhulst equation Fig. 2 
P(t)/P(O) is graphed in

for various values of 5= B(O)/yP(O).
As remarked above, for .$= 1 the population increases monotonically with time as predicted by the Verhulst equation. For $'= $ and $=2, however, the behavior is nonclassical. In the former case the initial birth rate is "small" relative to the initial population, and the population initially decreases. On the other hand, when <=2 the initial birth rate is "large," and the population surges to a maximum which is larger than its ultimate equilibrium value. This behavior is also apparent from the phase portrait (Fig. 1) . 
FIG. 2. P(t)/P(O) versus dimensionless time of for various values of 5= B(O)/ yP(0).
Here q=$ and T=b. Because of (2.18), plo and a,, are not arbitrary; in fact, cp,/Bo=0,70 and Tao = 0.7 1 (approximately).
In looking at Fig. 3 one should bear in mind that p is a solution of the first-order partial differential equation (l.l),, whose characteristics are straight lines of the form t = a + constant. The data 'p are inconsistent8 in the sense that r&O)#B(O), and this inconsistency results in a discontinuity which propagates along the characteristic through a = 0, t = 0. Similarly, the discontinuity in cp at a = a,, propagates along the characteristic through a = a,, r=O. More interesting results are possible for survival functions p(P) of a less trivial nature. For example, in certain situations one might expect p(P) to be large for P large and also for P small. This motivates our considering a survival function of the form shown in Fig. 4 , where the phase portrait is given for the special case in which p(P)= y for two values of P. As this portrait indicates, the behavior is far more complicated than that corresponding to (2.15) (Fig. 1) .
MODEL WITH THREE DIFFERENTIAL EQUATIONS
As remarked in the last section, the maternity function (2.4), takes its maximum value at age a =O, which is unrealistic, as one would expect P(a, P) to be zero at a = 0, increase to a maximum at the age of maximum fertility, and then decrease monotonically to zero. This motivates our studying a model based on the assumptions where P(O,P) = P(P), P(a,P) = PO(P)ae-a', (3.1)
p(P)>O, #&(P)>O, cl>o. (3.2)
To derive the corresponding differential equations, note first that (2.5) and (2.6) remain valid in the present circumstances, as they require only that (3.1), be satisfied. Thus 
K(P)=y(P)+&
A thorough study of the system (3.5) is beyond the scope of this paper. We can, however, reach some interesting conclusions when &(P) is independent of P, so that (2.10) holds. We begin by rewriting (3.5) as a matrix equation Then (3.2), (3.6), and (3.7) imply that:
(i) yr(t) and yz(t) tend to zero exponentially as t-co;
(ii) if h + (Y > a , then y(t) tends to zero exponentially as t-co.
Clearly (i) precludes closed orbits; thus we have the following 
, then P(t), G(t), A(t), and (hen4 B(t)
tend to zero exponentially as t+co.
In view of this theorem we conjecture that the general system (3.5) has no closed orbits [under reasonable assumptions concerning the functions p(P) and Pdp)l.
The above analysis is easily generalized to the case in which da79 = idO B(a,P)=e~"k~o~k(P)ak. column vector (P, G,, G,, . . ., GN) . We are then led to the following result: If all eigenvalues of M are real and distinct, then (3.9) has no closed orbits; if, in addition, all eigenvalues are < h, then x(t)-+0 exponentially as t-co. 'OThese comments are due to the referee.
Indeed. if we let
